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Results on relatively prime domination polynomial
of some graphs
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Abstract

Let G be a non—trivial graph. A set S C V is said to be a relatively prime dominating set if it is a dominating set
with at least two elements and for every pair of vertices u and v in S such that (d(u),d(v)) = 1. The minimum
cardinality of a relatively prime dominating set is called the relatively prime domination number and it is denoted
by ¥.»4(G). The relatively prime domination polynomial of a graph G of order n is the polynomial

n
Dypa(Gx)= Y dpa(G k)X,
k:)/rpd(G)

where d,,4(G,k) is the number of relatively prime dominating sets of G of size k, and ¥,,4(G) is the relatively
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prime domination number of G. In this paper, we compute this polynomial for graphs P, =, K}
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1. Introduction

By a graph G = (V,E) we mean a finite undirected graph
without loops and multiple edges. The order and size of G are
denoted by n and m respectively. For graph theoretical terms,
we refer to Harary [3] and for terms related to domination we
refer to Haynes [4].

A subset S of V is said to be a dominating set in G if
every vertex in V — S is adjacent to at least one vertex in S.
The domination number y(G) is the minimum cardinality of a
dominating set in G.

Berge and Ore [2, 10] formulated the concept of dom-
ination in graphs. It was further extended to define many

other domination related parameters in graphs. Let G be a
non-trivial graph. A set S C V is said to be a relatively prime
dominating set if it is a dominating set and for every pair of
vertices # and v in S such that

(d(u),d(v)) = 1.

The minimum cardinality of a relatively prime dominating
set is called the relatively prime domination number and it is
denoted by ¥%,4(G) [6]. Switching in graphs was introduced
by Lint and Seidel [9].

For a finite undirected graph G(V,E) and a subset 6 C V,
the switching of G by o is defined as the graph G°(V,E’)
which is obtained from G by removing all edges between ¢
and its complement V — ¢ and adding as edges all non-edges
between ¢ and V — ©.

For ¢ = {v}, we write G" instead of G{"} and the corre-
sponding switching is called as vertex switching [5]. For more
details about the basic definitionswe refer to Harrary [3].

Graph polynomials are powerful and well-developed tools
to express graph parameters. SaeidAlikhani and Peng, Y. H.
[1], have introduced the Domination polynomial of a graph.
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The Domination polynomial of a graph G of order # is the
polynomial

D(G,x)= Y d(G,i)Xx,
i=y(G)

where d(G, i) is the number of dominating sets of G of size i,
and y(G) is the domination number of G. This motivated us
to introduce the relatively prime domination polynomial of a
graph. In this paper, we find the relatively prime domination
polynomial of some graphs.

2. Definition and Examples

Definition 2.1. Let G = (V,E) be a graph of order n with
relatively prime domination number Y,pq(G). The relatively
prime domination polynomial of G is,

Dypa(Gx)= Y dipa(G k)x*,
kZerd(G)

where d,,q(G,k) is the number of relatively prime dominating
sets of G of size k and %, pq(G) is the relatively prime domina-
tion number of G. The roots of the polynomial D, (G, k) are
called the relatively prime dominating roots of G.

Example 2.2. Consider the graph G given in figure 2. 1.
Clearly Y,,a(G) = 2 and there are only two minimum rela-
tively prime dominating sets of size 2, namely {v,v4} and
{v3,vs}, three relatively prime dominating sets of size 3,
namely {vi,va,vs},{vi,v3,vs} and {vi,v2,v4} and two rel-
atively prime dominating sets of size 4, namely {vi,v2,v4,vs}
and {v1,v3,v4,vs}. Hence

Dypa(G,x) = 2x% +3x° + 2x*,

Vi

Vi
Fig. 2.1. G

Example 2.3. Consider the graph G = 2K, given in figure
2.2. Clearly Ypq(G) = 2 and there are only four minimum
relatively prime dominating sets of size 2, namely

{vi,m3h,{vi,va}, {va,v3} and {va,va}, four relatively prime
dominating sets of size 3, namely

{vi,va, v}, {vi,va,vat, {vi,v3,va} and {v2,v3,va} and one
relatively prime dominating set of size 4 which is {vi,v2,v3,v4}.
Hence

Dypa(G,x) = 4x® +4x° +x* = * (4 +4x +4%).

Obviously, there are two relatively prime dominating roots of
G which are 0 and -2.
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Fig. 2.2. G =2K,

Definition 2.4. [11]Let G = (V,E) be a graph and let x,y,z
be three variables taking values + or —. The transformation
graph G™* is the graph having V(G)UE(G) as the vertex set,
and for o, € V(G)UE(G), a and B are adjacent in G*% if
and only if one of the following holds:

(i) o,B €V(G). aand B are adjacent in G if x = +; o and
B are not adjacent in G if x = —.

(ii) o,B € E(G). o and B are adjacent in G if y = +; o and
B are not adjacent in G if y = —.

(iii) @ €V(G),B € E(G). aand B are incident in G if 7= +;
o and B are not incident in G if 7 = —.

Thus, we may obtain eight kinds of transformation graphs, in
which Gt is the total graph of G, and G~~~ is its comple-
ment. Also, G~ 7,G™" and G~ are the complements of
G ,G" " and G, respectively.

Example 2.5. The graph G = C4 and G~~~
figure 2.3.

are given in

Fig. 2.3.

We recall the following theorems for future study.
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Theorem 2.6. [6] For a complete bipartite graph

Kins Yepd (Kinn) =2
if and only if (m,n) = 1.
Theorem 2.7. [7] If G| = G», then
Dya(G1,x) = Dypa(Ga, x).

Theorem 2.8. [7] For m,n > 2,

Dypa(Kpp,x) = mnx*

if (m,n) = 1.
Theorem 2.9. /8]

2 for 3<n<6

(3 C:; =
ypd( ) {3 for n>7

Theorem 2.10. [7] Let G = K,,, UK,, where m,n > 2. Then,

Dypa(G,x) = mnx*

ifim—1ln—1)=1.

Theorem 2.11. [8] Let G be the book graph B,,,n > 2 and v
be any vertex of G.

i) Ifdg(v) =2 and n =3( mod 10), then ¥,,4(G") = 3.
ii) Ifdg(v) =2 and n # 3( mod 10), then ¥,,4(G") = 2.
iii) Ifdg(v) = n, then Y,pq(G”) = n.

3. Main Results

In this section, we compute D,,4(G,x) where Gis F, ~~ (n>

4),Ky

l,n7CI"l)7Kn‘i,n and BY.
Result 3.1. Let G=P; . Then D;pq(G,x) = x°.
Theorem 3.2. Let G=P, ~~,n > 4. Then D, pq(G,x) = 2x°.

Proof. Let P, be viejvaer...e,—1vy. Let G be the transforma-
tion graph P, . Then

V(B ) ={vi,v2,...,Vn,€1,€2,€3,...,€n_1 }.

Clearly, there are only two minimal relatively prime domi-
nating sets of size 2, namely {vi,e,_1} and {v,,e;}. This
implies that d,,4(G,2) = 2. Any relatively prime dominating
set with more than 2 vertices must contain at least two vertices
of same degree. Therefore,

drpa(G,3) = dypa(G,4) = ... = 0.

Hence
Dy pa(G,x) = 2x7.
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Theorem 3.3. For the star Ky, where n > 2 is even,
D,pd(K{’_’n,x) = 2(n—1)x2,
if v is an end vertex of K .

Proof. Let u be the centre and v be an end vertex of Kj ,. In
K7, the vertex u and v are adjacent to all other vertices.
Hence

In = Koni.

By Theorem 2.6,

Yrpd(Kop—1) =2

if and only if (2,n-1) = 1. This implies that n—1 # 2r.
Therefore, n # 2r+ 1 and hence n is even.
Clearly (2,n—1) = 1. By Theorems 2.7 and 2.8,

D’Pd(Klv,nvx) = Drpd(KZ,n—l ,x) = 2(”—1))62.

O
Result 3.4.
Dypa(C5,x) = 2x° +2°.

Result 3.5.

D,pa(Chyx) = 3x% + 3% 4%,
Result 3.6.

D, pa(C5,x) = 2x% +5x° +2x*.
Result 3.7.

D, pa(Cg,x) = 2x% + 353,
Theorem 3.8. Forn > 17,

33+ (n—3)x* if n#£3+3nr>1

Drpd(CLx):{f if n=343r

Proof. Let G be the graph C;, and let viv,...v,v; be the cycle
C,. By Theorem 2.9, ¥%,4(C,) = 3 for n > 7. Without loss of
generality, let vbe vi. Now, dg(vi) =n-3,dc(v2) =dg(v,) =
1 and dg(vi) = 3,3 <i < n-1. We consider the following two
cases.

Casel.n#3+3nr>1

Then dg(vi) = n—3 # 3r. Hence there are only three
minimum relatively prime dominating sets of size 3, namely
{vi,va,vn},{vi,v3,vs} and {vi,v2,v,_1 }. Hence

dypa(G,3) = 3.

Also, there are n — 3 relatively prime dominating sets of size
4, namely
{viva,va, v b v, va,va, v by o {V1, V2, Ve 1,V
Therefore,
drpa(G,4) =n—3.
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Any dominating set that contains more than four vertices
must contain at least two vertices of same degree 3 and hence
there is no relatively prime dominating set exists with more
than four vertices. This implies that

dypd(G,5) = dypy(G,6) = ... = 0.
Hence
Dypa(G,x) = dypa(G,3)x +d,pa (G, 4)x* = 32 + (n=3)x*.

Case2. n=3+3rr>1

Here di(vi) = n—3 =3r, which is a multiple of 3. Clearly,
there is only one minimum relatively prime dominating set
of size 3, namely {v1,v2,v,} and hence d,,,(G,3) = 1. Any
dominating set that contains more than three vertices must
contain at least two vertices of same degree and hence there is
no relatively prime dominating set exists with more than three
vertices. This implies that

drpa(G,4) = dpqa(G,5) = ... =0.
Hence,
Dypa(G,x) = x°.
The theorem follows from cases 1 and 2. O

Theorem 3.9. For n>2, Dypq (K,‘,imx) = (m—1)(n+1)x
or (m+1)(n—1)x?, according as v € Vy and (m—1,n+1) =
LorveVyand (m+1,n—1) = 1 where (V1,V2) is a biparti-
tion of the vertex set of Ky, , with |Vi| = m and |V»| = n.

Proof. Let (V1,V,) be the bipartition of the vertex set of K,
with |Vi| = m and |V2| = n. Clearly K, = K, UK,,. Now,
Ky, is either K,,_1 UK, _1 or Ky, 1 UK, 1 according as v € V;

or v € V5. By Theorem 2.10,

Depa (R o) = (m = 1) (n-+ 1)or(m -+ 1) (n — 1),
accordingas (m—l,n+1)=1or (m+1,n—1)=1.
This completes the proof. U

Theorem 3.10. Let G be the Book graph B,,n > 2 and dg(v) =
n. Then,

x4 3nx" T 4 2nd" 2 if n# 0(mod3)

Dy pa(G',x) =
rpa(G"%) {nx”—l—nx"“ if n=0(mod3)

Proof. Letvg,vy,....,v, and ug,uy, ..., u, be the two copies of
star K7 , with central vertices vy and ug respectively. Join u;
with v; for all i;1 <i <n. The resultant graph G is B,, with
vertex set

V(G) = {VO,MO,Vi7Ml‘/1 S i S n}
and edge set

E(G) = {ugvo, uivi,vovi,uou; /1 <i<n}.
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Then G has 2n+ 2 vertices and 3n+ 1 edges and dg(v) =2
ifve{u,vi/1 <i<n}and dg(v) =nifve {up,vo}. Let
A ={uy,uy,...,u,} and B = {vy,vs,...,v,}. We consider the
following two cases on n.

Case 1. n # 0(mod3)

By Theorem 2.11, ¥,4(G”) = n if dg(v) = n. A minimal
relatively prime dominating set of size n is obtained by se-
lecting a vertex from A and n—1 vertices from B. This can be
done in n ways.

Therefore,

drpa(G,n) =n.

A relatively prime dominating set of size n+ 1 is obtained
by selecting either the vertex set B and a vertex of A which
can be done in n ways or a vertex u; of A, n — 1 vertices from
B — {v;} and the vertex vy which can be done in n ways or a
vertex u; of A, n— 1 vertices from B — {v;} and the vertex ug
which can be done in n ways.

Therefore,

dr,,d(G,n+ 1) =3n.

A relatively prime dominating set of size n + 2 is obtained
by selecting either the vertex set B, a vertex from A and the
vertex vg, which can be done in n ways or the vertex set B, a
vertex from A and the vertex up, which can be done in n ways.

Therefore,

dypa(G,n+2) =2n.

Any relatively prime dominating set of size more than n +
2 vertices must contain at least two vertices of same degree.
Therefore,

dr[,d(G,n+3) =..=0.
Hence,

D1pa(G",x) = dypa(G,n)X" + dypa(Gyn+ 1)x"!

+drpa(G,n+ 2)x”+2 = nx" + 30"t 4 202,

Case 2. n = 0(mod3)

A minimal relatively prime dominating set of size n is
obtained by selecting a vertex u; from A and n — 1 vertices
from B — {v;}. This can be done in n ways. Therefore,
drpa(G,n) = n. A relatively prime dominating set of size n+1
is obtained by selecting the vertex set B and a vertex of A,
this can be done in n ways. Therefore, d,,;(G,n+1) =n.
Any relatively prime dominating set of size more than n 41
vertices must contain at least two vertices of same degree.
Therefore,

D;pa(G",x) =dypa(G,n)x" +d,pa(G,n+ l)xn+1 =nx" X"t

The theorem follows from cases 1 and 2. O
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